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Mixed Analytical/Numerical Method for Low-Reynolds-Number
k–ε Turbulence Models

Tao Du∗ and Zi-Niu Wu†

Tsinghua University, 100084 Beijing, People’s Republic of China

The mixed analytical/numerical method previously proposed for solving partial differential equations with an
oscillating source term is extended to solve low-Reynolds-number k–ε turbulent models. The convection–diffusion
part is solved by a traditional numerical scheme and the source term by an analytical method. The analytical
solution is obtained when the damping functions, due to low-Reynolds-number effect, are frozen to be constant
at each time step. Several standard test cases are used to demonstrate that the mixed method is more stable and
converges faster than the traditional method.

Nomenclature
A = Jacobian of the source term
a = speed of sound
Cε1, Cε2, Cµ, σk, σε = model constants defined in Table 1
D, Ek, Eε = damping functions defined in Table 3
E = total energy
f1, f2, Tl , fµ = damping factors defined in Table 2
k = turbulent kinetic energy
M = Mach number
Pk = production term, = Cµ(κ2/ε)�
p = static pressure
q = heat flux vector
R = the space discretization part for

Navier–Stokes equation
Re = Reynolds number
S = source term
SD = source term due to the additional

damping terms
Ss = standard part source term
T = temperature
U = unknown vector of the Navier–Stokes

equations
U j = component of the mean velocity vector
UT = unknown vector for the turbulent model

equation
u, v = x-, y-wise velocity components
γ = ratio of specific heat, 1.4
�t = time step
δi j = Kronecker tensor
ε = turbulent dissipation rate
ε̃ = corrected dissipation rate
µ = molecular viscosity
µt = turbulent eddy viscosity
ρ = density
σ = stress tensor
� = product of strain rate tensor

Subscripts

k = term for turbulent kinetic energy
equation
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T = turbulence
ε = term for turbulent dissipation

rate equation
0 = initial condition
∞ = freestream condition

Superscripts

(m) = level in multistage scheme
n = time level
− = negative part

I. Introduction

T HE k–ε turbulence model is widely used for the solution of tur-
bulent flows in engineering applications. The major drawback

of the original k–ε model is probably the near-wall formulation,
which fails to reproduce correctly the effects of the solid bound-
ary on turbulence. There are two methods available to repair this
trouble: wall function method and low-Reynolds-number correc-
tion. Launder1 indicated that the application of the second method
in the near-wall region caused a marked improvement over the first
approach in the prediction of the local heat transfer coefficients.
In the past, various forms of low-Reynolds-number k–ε turbulent
models have been proposed.2−5 The detail of two-equation models
and low Reynolds corrections are presented in Ref. 6.

Though mathematically the k–ε model is well posed,7 the strong
nonlinearities may interact with numerical errors in such a way that
computation may break down easily. A typical behavior of unstable
computations involves the loss of positivity of k or ε, though the
original differential equations have positive solution. (See Ref. 8
for more details of positivity analysis.) The appearance of negative
values changes the sign of several terms in the models, so that tur-
bulent quantities may increase unboundedly.9 Even though the two
turbulence equations can be solved in exactly the same manner as
for the mean flow equations, it has been found that such a method
often leads to an unstable solution, or even incorrect solutions.10 In
general, both the advection–diffusion part and the source term must
be considered to determine the time step. Sometimes, especially for
low Reynold turbulent model, the latter restricts the time step more
severely.10,11 The damping functions in the low Reynolds turbulent
models improve the model prediction capability for near-wall flow,
but also introduce more severe numerical stiffness for the source
terms.

There are a huge amount of numerical methods for compressible
Navier–Stokes equations coupled with two equation models. Van-
dromme and Ha Minh12 applied an implicit scheme to the mean
and turbulent equations, which is solved fully coupled. Sahu and
Danberg13 solved the mean and turbulent equations decoupled with
the source terms treated implicitly but as part of one of the spatial
factors. Shih and Chyu14 recommended the inclusion of the source
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terms in the spatial factors rather as a separate inversion to reduce
factorization error. Huang and Coakley15 split the source terms,
on a term-by-term basis, into positive and negative parts, with the
positive source treated explicitly and the negative source treated
implicitly. A recent account for efficient treatment of source terms
in two-equation turbulence models is given in Ref. 16. Kunz and
Lakshminarayana17 investigated the stability of explicit for k–ε tur-
bulent model and concluded that the k/ε term may be responsible
for near-wall instabilities in low-Reynolds-number models.

The two-equation turbulent model is a typical example of par-
tial differential equations with source terms. Great progress has
been made in efficient treatment of the source terms.18−21 Helzel
et al.22 treated chemically reacting flow with an Arrhenius law for the
source term by mixed method in detonation waves computation. In
Ref. 23, a mixed analytical/numerical method for oscillating source
terms is studied. In this method, the advection–diffusion part and
the source terms are treated separately through operator splitting.
The advection–diffusion part [partial differential equations (PDE)]
is integrated numerically, whereas the source term part [ordinary
differential equations (ODE)] is integrated analytically. Hence, this
method is called mixed analytical/numerical. The mixed method
performs well for PDEs with source terms, in which the source
term timescale is much smaller than the mean flow scale inherent to
the advection–diffusion part. Later, the authors extended the mixed
method to the implicit solution of high-Reynolds-number compress-
ible turbulent flows.24 Numerical results show that the mixed method
can give robust, steady, and fast convergence solutions.

In this paper, we extend the mixed method to low-Reynold-
number turbulent models. The essential new feature of the mixed
method for low-Reynolds-number turbulent models lies in the treat-
ment of the source terms that contain new damping functions.
With respect to the high-Reynolds-number counterpart, the low-
Reynolds-number turbulent models retain the original source terms
modified with damping factors and sometimes contain additional
damping terms. In the mixed method proposed in this paper, the
damping factors are treated as constant at each time step, so that the
main part of the source terms are still analytically integrable at each
time step. The additional damping terms are treated numerically.

To assess the new method, we calculate numerous standard
test cases, including the transonic diffuser problem, RAE2822 air-
foil problem, and so on by using the Jones–Launder model,2 the
Launder–Sharma model,3 the Lam–Bremhorst model,25 the wall-
distance-free Goldberg-Apsley model,4 and the Hwang–Lin model.5

The rest of the paper is organized as follows. In Sec. II, the govern-
ing equations of Navier–Stokes equations with various low Reynolds
k–ε turbulent models and the numerical method are briefly outlined.
In Sec. III, the mixed method for low Reynolds k–ε turbulent model
is discussed. A mixed method based on unsplit method is suggested.
In Sec. IV, numerical results are provided. Concluding remarks are
given at the end of the paper.

II. Governing Equations and Turbulence Models
A. Governing Equations

The governing equations are obtained by Favre averaging the
Navier–Stokes equations and modeling the Reynolds stress. In con-
servative form, these equations, restricted to dimensions in this
study, are written as

∂U
∂t

+ ∂ Fc

∂x
+ ∂Gc

∂y
= ∂ Fv

∂x
+ ∂Gv

∂y
+ S (1)

with

U =




ρ

ρu

ρv

ρE

ρk

ρε̃




, Fc =




ρu

ρu2 + p

ρuv

(ρE + p)u

ρuk

ρuε̃




Gc =




ρv

ρvu

ρv2 + p

(ρE + p)v

ρvk

ρvε̃




(2)

S =




0

0

0

0

µt Pk − ρε̃ + Ek

( f1Cε1 Pk − f2Cε2ρε̃) T −1
l + Eε




(3)

and, for a perfect gas, p = (γ − 1)ρ[E − 1
2 (u2 + v2)]. Here ε̃ is re-

lated to ε through ε̃ = ε − D. The viscous flux are defined by

Fν =




0

σxx

σxy

uσxx + vσxy − qx(
µ + µt

σk

)
∂k

∂x
(

µ + µt

σε

)
∂ε̃

∂x




, Gν =




0

σyx

σyy

uσyx + vσyy − qy(
µ + µt

σk

)
∂k

∂x
(

µ + µt

σε

)
∂ε̃

∂x




(4)

where σ represents the stress tensor and q the heat flux vector, which
are given by

σxx = 2(µ + µt )
∂u

∂x
− 2

3
(µ + µt )

(
∂u

∂x
+ ∂v

∂y

)
− 2

3
ρk (5)

σyy = 2(µ + µt )
∂v

∂y
− 2

3
(µ + µt )

(
∂u

∂x
+ ∂v

∂y

)
− 2

3
ρk (6)

σxy = σyx = (µ + µt )

(
∂u

∂x
+ ∂v

∂y

)
(7)

qx = − γ

γ − 1

(
µ

Pr
+ µt

Prt

)
∂(p/ρ)

∂x
(8)

qy = − γ

γ − 1

(
µ

Pr
+ µt

Prt

)
∂(p/ρ)

∂y
(9)

Here, Pr is the laminar Prandtl number, which is taken as 0.7 for
air. Prt is the turbulent Prandtl number, taken as 0.9. The molecule
dynamic viscosity µ is assumed to be a function of the temperature,
following the well-known Sutherland’s law.

In the source term S, the turbulence production term is

Pk = µt

[(
∂Ui

∂x j
+ ∂U j

∂xi
−2

3

∂Ul

∂xl
δ

i j

)
− 2

3
ρkδi j

]
∂Ui

∂x j
(10)

The eddy viscosity is calculated as

µt = fµCµρk2
/

ε̃ (11)

The damping functions f1, f2, Ek , Tl , and Eε depend on the specific
choice of low-Reynolds-number turbulence models and are given
in the next subsection.
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B. Turbulence Model
Five models will be used in this paper. These include, 1) the Jones–

Launder (JL) model,2 2) the Launder–Sharma (LS) model3 with
Yap correction,26 3) the Lam–Bremhorst (LB) model,25 4) the wall-
distance-free Goldberg–Apsley (GA) model,4 and 5) the Hwang–
Lin (HL) model.5

Models 2 and 3 are actually extensions of the JL model, which
have been introduced to improve some of the drawbacks of the stan-
dard k–ε model, primarily the numerical stiffness associated with
the source terms. The GA model is the recently developed k–ε model
based on a wall-distance-free formulation. The HL model is based
on the near-wall characteristic obtained with direct numerical sim-
ulation data. Let yλ = y/

√
(νk/ε̃), Rt ≡ k2/(νε̃), Ry = √

(k)y/ν,
ξ ≡ √

(Rt )/Cτ , Cτ = √
2, S = √

(2Si, j Si, j ), Si, j = (Ui, j + Ui,i )/2,
� = Ui Ui/2 + k, Ak = 0.05, Aµ = 0.01, and A f = 0.231. The
damping functions appearing in source term (3) are summarized
in Tables 1–3.

C. Basic Numerical Method for Traditional Treatment
1. Time Advancing Method for the Navier–Stokes Equations

Let R(Un) represent the contribution from the space discretiza-
tion of the Navier–Stokes equations plus the turbulence models.
To advance the solution in time, we use a simplified four-stage

Table 1 Closure coefficients for turbulence model

Model Cε1 Cε2 Cµ σk σε

JL 1.55 2.00 0.09 1.0 1.3
LS 1.44 1.92 0.09 1.0 1.3
LB 1.44 1.92 0.09 1.0 1.3
GA 1.42 1.83 0.09 1.367 1.367
HL 1.44 1.92 0.09 1.4–1.1 exp [−(yλ/10)] 1.3–1.0 exp [−(yλ/10)]

Table 2 Damping function for various models 1

Model f1 f2 Tl fµ

JL 1 1 − 0.3 exp
(

− Re2
t

) k

ε̃
exp

−2.5

(1 + ReT /50)2

LS 1 1 − 0.3 exp
(

− Re2
t

) k

ε̃
exp

−3.4

(1 + ReT /50)2

LB 1 +
(

0.05

fµ

)3

1 − exp
(
−Re2

t

) k

ε̃

[1 − exp(−0.0165Ry)]2

(1 + 20.5/ReT )−1

GA 1 1
k

ε̃
max{1, ξ−1} 1 − exp(−Aµ Rt )

1 − exp
(
−√

Rt

) max{1, ξ−1}

HL 1 1
k

ε̃
1 − exp

(
−0.01yλ − 0.008y3

λ

)

Table 3 Damping function for various models 2

Model D Ek Eε

JL 2ν

(
∂
√

k

∂n

)2

2ν

(
∂
√

k

∂xk

)2

2ννT

(
∂2U

∂xk∂xl

)2

LS 2ν

(
∂
√

k

∂n

)2

2ν

(
∂
√

k

∂xk

)2

2ννT

(
∂2U

∂xk∂xl

)2

+ Y Ca

LB 0 0 0

GA 0 0
2AkC2

Cτ Aµ

µ fµS2 exp
(
−A f

√
�/νS

)

HL 2ν

(
∂
√

k

∂n

)2

2ν

(
∂
√

k

∂xk

)2

− 1

2

∂

∂x j

(
ν

k

ε

∂ D

∂x j

)
− 1

2

∂

∂x j

(
ν

ε̃

k

∂k

∂x j

)

aTerm Y C is a correction as proposed by Yap26 for reducing the unrealistic level of near-wall turbulence in separated flows.

Runge–Kutta scheme (see Ref. 27) as defined by

U(0) = Un

U(i) = U(0) + αi�t R
(
U(i − 1)

)
, i = 1, . . . , 4

Un + 1 = U(4) (12)

with {α1, α2, α3, α4} = { 1
4 , 1

3 , 1
2 , 1}.

The time step is determined by

�t = CFL

|∇ξ |t1 + |∇η|t2
(13)

t1 = |Ū| + a + 2|∇ξ |(µ + µT ) max

(
4

3
,

γ

Pr

)
Ma

Re

1

ρ

t2 = |V̄ | + a + 2|∇η|(µ + µT ) max

(
4

3
,

γ

Pr

)
Ma

Re

1

ρ

For the scheme to be stable, the Courant–Friedrichs–Lewy (CFL)
number is usually bounded from a value of order of unity. Local time
stepping is used to accelerate convergence for steady-state compu-
tation. For the transonic diffuser, an implicit residual smoothing
technique will be used to test the stability for large time steps. This
will be made clearer when the numerical results are presented.

2. Space Discretization
The viscous part of the space terms is discretized with second-

order central differences, whereas the inviscid part is approximated
by the Roe’s scheme28 combined with the MUSCL treatment29 to
achieve second-order accuracy. Limiters may be used to eliminate
spurious wiggles at discontinuities.30

3. Traditional Implicit and Explicit Treatment of the Turbulence Model
The advection–diffusion part of the two-equation model is dis-

cretized in the same way as the Navier–Stokes equations. Only the
source term needs special treatment. The fundamental means is to
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treat the negative source terms implicitly and the positive terms
explicitly.12,16 However, the time step still has to be small enough
to obtain realistic values of k, ε, and µt . The naı̈ve use of the local
time-step size determined for the mean flow Navier–Stokes equa-
tions will lead to unrealistic values of k and ε and instability.10

Similar to scheme (12) for the Navier–Stokes equations, the tur-
bulence model is approximated by the following scheme, which
differs from Eq. (12) only through the occurrence of a source

Fig. 1 Convergence history for transonic diffuser: mixed method and traditional method.

term,

[(1/�t)I − An]�(UT )n = RT [(UT )n] + S[(UT )n] (14)

where the superscript T means turbulence. Matrix A is the Jacobian
of some part of the source term.

According to Ref. 15, the different terms of Eq. (14) are better
treated implicitly for the negative part and explicitly for the positive
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part, so that A is defined by

A = ∂S−

∂UT

In the point-implicit method of Ref. 12, A is defined by

A = [S−/UT ]n (15)

In the approximate Jacobian method of Ref. 31, A is first defined by

A = ∂S−

∂UT
=




∂S−
k

∂k

∂S−
k

∂ε

∂S−
ε

∂k

∂S−
ε

∂ε


 (16)

and then replaced by its diagonal counterpart to simplify the
inversion:

A =




2Cµρk

µt
0

0
3

2
Cµ2

√
Cµρε

µt


 (17)

III. Mixed Analytical/Numerical Method
for Low-Reynolds-Number Turbulent Models

The turbulence model equations contain advection–diffusion
operators and source terms. In the conventional treatment just
presented, both the advection–diffusion operators and the source
terms are integrated numerically. In the mixed analytical/numerical
method, the advection–diffusion part (PDE) is integrated numer-
ically as usual, whereas the source term (ODE) is integrated
analytically.

A. Treatment of the Source Terms
The analytical solution of the source terms for high-Reynolds-

number turbulence models is given in Reference.23 With respect to
the high-Reynolds-number counterpart, the low-Reynolds-number
turbulent models retain the original source terms modified with
damping factors and sometimes contain additional damping terms.
In the mixed method proposed in this paper, the damping factors
are frozen as constant at each time step, so that the main part of the
source terms are still analytically integrable at each time step. The
additional damping terms are treated numerically.

Fig. 2 Convergce history of conventional method for HL model with
various CFL numbers.

Following the original construction of the mixed method, we first
consider the ODE due to the source terms:

dUT

dt
= Ss(U) + SD(U) (18)

Here, Ss(U) is the standard part, which is similar to the source term
of the high-Reynolds-number model, modified only by the addition
of damping factors, and SD(U) stands for the additional damping
terms. Precisely, Ss(U) is defined by

Ss(U) =




Pk − ρε̃

f1Cε1
ε̃

k
Pk − f2Cε2

ρε̃2

k


 (19)

The additional damping terms SD(U) are treated numerically,
whereas the standard part Ss(U) is solved analytically by consider-
ation of the following ODE:

dρk

dt
= Pk − ρε̃,

dρε̃

dt
= C ′

ε1

ε̃

k
Pk − C ′

ε2

ρε̃2

k
(20)

Fig. 3 Mach contour of transonic diffuser for R = 0.82 (weak shock).

Fig. 4 Static pressure distribution along bottom wall.
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with the parameters

C ′
ε1 = f1Cε1, C ′

ε2 = f2Cε2, C ′
µ = fµCµ (21)

treated as constant at each time step. Hence, the standard part should
have the same form of analytical solution as the high-Reynolds-
number model.

To find the analytical solution of Eq. (20), we rewrite it as

dk

dt
= νT � − ε̃,

dε̃

dt
= C ′

ε1νT
ε̃

k
� − C ′

ε2

ε̃2

k
(22)

Fig. 5 Static pressure distribution along top wall.

Fig. 6 Velocity profiles at four axial locations for the Sajben–Kroutil diffuser: numerical results obtained with mixed method.

where � = Pk/µT . Set θ = k/ε̃, then we can rewrite Eq. (22) as

d ln k

dt
= C ′

µ�θ − 1

θ
,

d ln ε

dt
= C ′

ε1C ′
µ�θ − C ′

ε2

1

θ
(23)

By combining the two Eqs. (22), we obtain

dθ

dt
= b2(a2 − θ 2) (24)

with

a =
√

C ′
ε2 − 1

�C ′
µ(C ′

ε1 − 1)
, b =

√
�C ′

µ(C ′
ε1 − 1)

Because we have frozen the damping functions at each time step,
the parameter a and b can be considered as constant at each time
step. Within each time step, the solution of Eq. (24) is found
to be

θ = −��− 1
2
(�0 − �) + (�0 + �) exp

(
2��

1
2 t

)

(�0 − �) − (�0 + �) exp
(
2��

1
2 t

) (25)

where

� = b2a�− 1
2 , � = a�

1
2 , �0 = (κ0/ε0)�

1
2

Inserting Eq. (25) into Eqs. (23), we obtain a self-contained equa-
tion for k and a self-contained equation for ε̃, which can then be
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integrated to yield

ρk = K [(ρk)0, (ρε̃)0, t]

= (ρk)02α Fγ [G/(1/ρ)�0]−β exp
(−�

√
�t

)
(26)

ρε̃ = L[(ρk)0, (ρε̃)0, t]

= (ρε̃)02α Fν[G/(1/ρ)�0]−τ exp
(−�

√
�t

)
(27)

where �0 = �(1/2)k0/ε̃0,

F = 1 − 1

�
�0 +

(
1 + 1

�
�0

)
e2�

√
�t

G = 1

�
�0 − 1 +

(
1 + 1

�
�0

)
e2�

√
�t

� =
√

(C ′
ε2 − 1)C ′

µ(C ′
ε1 − 1), � =

√
(C ′

ε2 − 1)

[C ′
µ(C ′

ε1 − 1)]

α = 1 − C ′
µ�2

��
= C ′

ε1 − C ′
ε2

(C ′
ε1 − 1)(C ′

ε2 − 1)

β = 1

��
= 1

C ′
ε2 − 1

Fig. 7 Convergence history for transonic diffuser: mixed method and traditional method with IRS.

ζ = C ′
µ�

�
= 1

C ′
ε1 − 1

� = C ′
µ�2 − 1

�
= C ′

µ(C ′
ε2 − C ′

ε1)√
[(C ′

ε2 − 1)C ′
µ(C ′

ε1 − 1)]

ς = C ′
ε2 − C ′

ε1C ′
µ�2

��
= C ′

ε1 − C ′
ε2

(C ′
ε1 − 1)(C ′

ε2 − 1)

� = C ′
ε2

��
= C ′

ε2

C ′
ε2 − 1

υ = C ′
ε1C ′

µ�

�
= C ′

ε1

C ′
ε1 − 1

σ = C ′
ε1C ′

µ�2 − C ′
ε2

�
= C ′

µ(C ′
ε2 − C ′

ε1)√
[(C ′

ε2 − 1)C ′
µ(C ′

ε1 − 1)]

Here, k0 and ε̃0 stand for initial value of turbulent kinetic energy k
and dissipation rate ε̃.

B. Mixed Analytical/Numerical Method
The mixed method for low-Reynolds-number models can be

written as

[(1/�t)I − An]�(UT )n = RT [(UT )n] + Ss[(UT )n] + SD[(UT )n]

(28)
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where Ss[(UT )n] is the analytical solution to the standard part, as
defined by

Ss[(UT )n] = 1

�t

[
K [(ρk)n, (ρε̃)n, �t] − (ρk)n

L[(ρk)n, (ρε̃)n, �t] − (ρε̃)n

]
(29)

Here, K (kn, ε̃n, �t) and L(kn, ε̃n, �t) are defined by Eqs. (26) and
(27), respectively, and SD[(UT )n] is due to the additional damping

Fig. 8 Convergence history for RAE2822: mixed method and traditional method.

terms integrated by the use of the same time advancing scheme as
that used for the advection–diffusion part.

The turbulence models sometimes produce unrealistic large val-
ues of k or ε̃ (Ref. 24), and cause unrealistically large values of
turbulent kinetic energy and eddy viscosity in stagnation regions.32

Hence, a limiter is required as for any numerical methods. In the
present paper, we use Menter’s limiter33 in Eq. (29), which restricts
the production term for the k equation to no more than 20 times the
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dissipation term. We use the same limiter as that in the conventional
method in this paper accordingly.

Observe that in Eqs. (26) and (27), �0 = (k0/ε0)� appears in
the denominator. This may cause trouble because �0 may vanish
somewhere. To avoid this trouble, we set

B = G/(1/ρ)�0 = 1 + e2µ
√

�t + ρH(k0/ε0)2µt

where H = [e2µ
√

(�)t − 1]/[2µ
√

(�)t]. Set

lim
2µ

√
�t → 0

[
(e2µ

√
�t − 1)

/(
2µ

√
�t

)] = 1

hence, dividing by zero can be avoided by rewriting H as

H =
{

1, 2µ
√

�t < 10−4

(e2µ
√

�t − 1)
/(

2µ
√

�t
)
, 2µ

√
�t > 10−4

IV. Numerical Experiments
We use three test cases to assess the advantages of the mixed

method: the transonic diffuser flow, RAE2822 flow, and NACA4412
flow.

A. Transonic Diffuser
1. Problem Definition

We consider transonic flow with a weak shock through a
converging–diverging diffuser. The experiment was carried out by
Sajben and Kroutil.34 This configuration has an entrance-to-throat
area ratio of 1.4, an exit-to-throat area ratio of 1.5, and a sidewall
spacing of approximately four throat heights. Variation of the exit
pressure leads to different shock positions and strengths. The cor-
responding Reynolds number is 9.370 × 105, and the Mach number
is M = 0.9. The total pressure at inflow is 1.349 × 105 Pa, and the
static pressure at the outflow is 1.11 × 105 Pa. These flows were
characterized by the ratio R of exit static-to-inflow total pressure.
For the weak-shock case, the value of R was 0.82.

2. Comparison Between the Mixed Method and the Conventional Method
Adiabatic no-slip boundary conditions were used on both the

upper and lower walls. The inlet boundary conditions corresponded
to uniform flow at M = 0.9. A constant static pressure was specified
at the exit boundary.

The convergence history with the mixed method for various tur-
bulent models is shown in Fig. 1, comparing that with traditional
method. The CFL number is set to 1.0. We see that all computa-
tions with traditional methods fail to converge, whereas all mod-
els with the mixed method converge. The computation shows that
the mixed analytical/numerical method can weaken the restriction
of the time-step size and get convergence at larger time step. Of
course, if a smaller CFL is considered, all models with the tradi-
tional method could also converge. In the computation by Barakos
and Drikakis35 with conventional method, the CFL number cannot
exceed 0.3. In our computation with the conventional method and
for the HL model, we see, from the convergence histories shown in
Fig. 2, that the maximum allowable CFL number is 0.1.

The Mach contour with mixed the method for various turbulent
models is shown in Fig. 3. All turbulent models give almost the
same shock wave position. The static pressure distribution along
the bottom and top walls are shown in Figs. 4 and 5, respectively,
with comparison with the experimentally measured values. Figure 6
displays the velocity profiles at four axial locations x/H = 2.882,
4.611, 6.340, and 7.493 downstream of the shock wave. The agree-
ment between computation and experiment is good.

3. Numerical Result with Implicit Residual Smoothing
To use a higher CFL number, we have included an implicit resid-

ual smoothing (IRS) to the mixed method that can be expressed
as

(
1 − εxδ

2
x

)(
1 − εyδ

2
y

)
R̄(W ) = R(W ) (30)

Here, R(W ) and R̄(W ) are the original and smoothed residuals,
respectively, and εx and εy are the smoothing coefficients for the x
and y directions, respectively.

The convergence histories are shown in Fig. 7. If the turbulent
models are solved with the mixed method, the CFL number can
be increased to two (JL and LS models) or even four (LB and HL
models), whereas the computation diverges for the conventional
method at the same CFL condition except for the LB model.

B. RAE2822 Airfoil
The RAE2822 airfoil has been used extensively for the validation

of Navier–Stokes codes applied to transonic flow. This test problem
is a benchmark problem used to verify the validation of turbulent
model in Ref. 36. The flow conditions for this test case are freestream
Mach number M∞ = 0.73, Reynolds number Re = 6.5 × 106, and
angle of attack α = 3.19 deg. The calculations were performed with
a 369 × 65 grid provided by NASA.

Here, we use the RAE2822 test case to show advantage of the
mixed method, notably to demonstrate that for large time steps, the
solution while unstable at a given �t with the conventional treatment
is stable with the new treatment. We will also show that the mixed
method does not increase the CPU time per iteration considerably.

Fig. 9 Convergence history for RAE2822 with JS model: mixed
method and traditional method (larger time steps).

Fig. 10 Convergence history for RAE2822 with HL model: mixed
method and traditional method (larger time steps).
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Fig. 11 Pressure coefficient profiles of RAE2822 airfoil with various turbulent models.
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Fig. 12 Skin-friction coefficient profiles of RAE2822 airfoil with various turbulent models.

Fig. 13 Velocity profiles at four locations for the RAE2822 airfoil.
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1. Comparison of the Convergence Speed
The convergence histories with the mixed method and the conven-

tional numerical method for various turbulent models are displayed
in Fig. 8. The CFL number is set to 0.5. For such a small time step, the
mixed method, though slightly better than the conventional method,
does not display a clear superiority in convergence speed.

Now, we use a larger time step by setting CFL = 1.0. The conver-
gence histories with the mixed method and with the conventional
numerical method for JL and HL turbulent models are displayed
in Figs. 9 and 10, respectively. The computation is stable with the
mixed method and unstable with the conventional method. Hence,
larger time steps can be used with the mixed method, whereas the
time step cannot exceed 0.5 for the conventional method.

Finally, we display the numerical solutions. The pressure coeffi-
cient and skin-friction coefficient obtained with the mixed methods,
compared with experimental results, are shown in Figs. 11 and 12,
respectively. Figure 13 shows the mean velocity profile with the
mixed method compared with experimental data at four streamwise
locations. Locations x/c = 0.404 and x/c = 0.574 are at the up-
stream of the shock wave, location x/c = 0.90 is at the downstream
of the shock wave, and x/c = 1.025 is in the wake region.

2. Comparison of CPU Time
The number of work units consumed up to 800 iterations is shown

in Table 4. Here, a work unit represents 1 min of CPU time on a
Pentium III 550 microcomputer. Clearly, the mixed method is more
expensive than the conventional method. The extra time is due to
the analytical integration of the source term. Fortunately, this extra
time does not exceed 15% of the total CPU time. This is negligibly
small in comparison with the advantage of the mixed method.

Fig. 14 Convergence history for NACA4412: mixed method and traditional method.

C. NACA4412 Airfoil
In this test case, the angle of attack is α = 3.19 deg. The Reynolds

number is 1.52 × 106, and freestream Mach number M∞ = 0.2. For
this condition, a steady trailing-edge separation occurs.37 Transi-
tion occurs at about 2% of the chord length. Numerical tests have
shown that the transition location has little influence, as long as it
is far enough upstream to prevent laminar separation. In this paper,
the transition is considered. The production term in the transport

Fig. 15 Pressure coefficient profiles of NACA4412 airfoil with mixed
method for various turbulent model.
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Fig. 16 Velocity profiles at four locations for the NACA4412 airfoil.

Table 4 Work units comparsion between mixed and
conventional method at 800 iterations for RAE2822

Conventional Mixed
Model method Tt method Tm (Tm − Tt )/Tt × 100%

LS 56.2 60.6 8%
HL 53.3 60.3 13%

equation for the turbulent kinetic energy is set to zero upstream of
these locations to represent transition effects. A 265 × 81 computa-
tional grid is used.

The convergence histories with the mixed method and with
the conventional numerical method computed with CFL = 1.0 are
displayed in Fig. 14. The computation is stable with the mixed
method, whereas it is unstable with the conventional method. The
pressure coefficient profiles computed with the mixed method are
displayed in Fig. 15. The velocity profile is shown in Fig. 16. The HL
model gives the best pressure coefficient distribution. The JS model
and LS model with Yap correction give the trailing-edge separation.
These models fail to represent the velocity profiles accurately in the
zone with strong adverse pressure gradient. This shortcoming was
attributed by Menter33 to the definition of the eddy viscosity.

V. Conclusions
In this paper, we have built a mixed analytical/numerical method

for the numerical solutions of low-Reynolds-number k–ε turbulence
models. In this method, the advection–diffusion part of the turbu-
lence models is solved by any traditional numerical method. We used
the second-order Roe scheme for the inviscid part of the Navier–
Stokes equations and the second-order central difference scheme
for the viscous part. The source term is split into two parts, the first
part is similar to the source term of a high-Reynolds-number model
modified by damping factors and the second part takes into account
the additional terms. The second part is integrated in time, as is the
advection–diffusion part, and the first part is integrated analytically
by freezing the damping factors as constant at each time step.

Three test cases have been used to assess the advantage of the
mixed method over a traditional treatment. These are a transonic dif-
fuser flow, an RAE2822 flow, and a NACA4412 flow. All are stan-
dard test cases. Various low-Reynolds-number models have been
considered.

From the numerical results, we can draw the following
conclusions:

1) When the same time step is used, the mixed method converges
faster than the conventional pure numerical method.

2) For large times steps the solution, although unstable at a given
�t with the conventional treatment is stable with the new treatment.
This means that the mixed method allows for the use of larger time
steps.

3) The mixed method is slightly more expensive than the tra-
ditional method, but the overhead, which is due to the analytical
integration of the source terms, only represents a small fraction
(close to 10%) of the total CPU time.
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